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1. INTRODUCTION

In this paper we will give criteria for unique solvability of multivariate
Birkhoff interpolation problems. In the bivariate case we mean by Birkhoff
interpolation the following problem: Let ¢7(G), with pe N, and G c R?
and compact, be the space of all real valued functions continuously dif-
ferentiable of total order p on G, let [],, seN, be the space of all
polynomials of degree <s in one real variable, and let DY/ for (x, y)€ G, be
the functional D% (f)=f""(x, y)(fe €'/ (Q)). Let now m, M, reN,
Zc{1,.,m} x{0,., M} with card(Z) = + 1, and consider the base set of
knots (cf. Definition 3.1)

K: {(X,-, yi.k:/‘) | (la k) GZ, 1 </< ai.k} < G
with «,, € Ny and the sets
ik S e ay b X 0, M =k}

for (i, k)e Z. Moreover, let (iy, ky),..., (i,, k,) be an ordering of Z with
card(L, , y=card(L, , ) for O0<s<t<r. We investigate whether the
problem

(%M(G)’ Z H.\'®Hcard(lq_§,,/\\); D.l\".,“["v"‘\l/..
=0 (11)
(i’ k) € Z7 (1’ [) € Li.k’ (xiv yi.k:}/’) € K)

is uniquely solvable, i.e., whether for every function fe €*(G) there exists
exactly one Pe3 [ _o [T, ®Tlcaracr, .k, With D&l (Py=DX!  (f) for all
(i,kyeZ, (j,l)eL, and (x,, y,.,)€ K (For the theory of interpolation
refer to Davis [4]).

To this end we introduce a method which interpolates with tensor-
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functionals. It is similiar to the method used by Haussmann [12], but it
yields an interpolation space independent of the dual functions of the
functionals applied and it therefore gives sufficient conditions for unique
solvability of the problem (1.1). We define and use two-dimensional
incidence matrices corresponding to a problem (1.1). These matrices must
be investigated for (conditional) regularity (cf. [14]).

2. THE INTERPOLATION METHOD

For s=1,., M, MeN, let F,, G, be finite dimensional vector spaces as
well as spaces F, G with
Fic - cF, cF, dim F,=m,, my < <My, o
.1)
GoG > oGy, dim G,=n,_, B> >Ry

Further, let ¢,.., ¢,,,, € F* and ¢, € G*, 1<i<my, 1<j<n,, (F* G*
denote the dual spaces of F, G and r is the map

r{l.,my}3i-omin{s|i<me{l,., M}),
be functionals so that the interpolation problems
U=(FF;¢, @), I<s< M, (2.2)
and
Vi=(G, G yi iy 1//,-‘,,””), 1 <i<my,,, (2.3)

are uniquely solvable.

THEOREM 2.1. The interpolation problem
M
W=(FOG. 3 F.OGi0.@b, 1 <ismy 1 <j<ny)  (24)
s=1

is uniquely solvable.

Proof. With m, :=0 the dimension of H:=YM | F.® G, can be deter-
mined by

M
dmH=) (m,—m,_,) n,. (2.5)
s=1

Since the interpolation problems U,, 1<s< M, and V,, 1<i<m,,, are
uniquely solvable, there exists for every se{l,., M} the dual basis
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{full<i<m,} of {¢,,11<i<m,} with reference to F,, and for every
i€ {l,.,m, } the dual basis {g;|l<j<n,,} of WG Wi Gt
with reference to G,,. For ke {1,..,my, }, l€ {1, n,}, we define

0)._ o
aLJ) =Sk @ gru

k) v o Prgy 40 £ 1
ant=— 5 NS (v

i=nmypyypi-1+ 1 j=1 ¢g=0

'fr(k)+/.f®gi,js 1<t<M—r(k), (2.6)
and
M - rik)
heyi= ). af). (2.7)
1=0

Then for every t€ {0,.., M —r(k)},
af € Fry s @Gty (2.8)

is valid. In particular A, ,e H for all 1<k<m,, 1<i<n,,, For
I<v<m,y, and | Sw<n,,, it follows directly from (2.8) that

((pv®lpv,w)(hk.[):51‘_/< .6\1',/' (29)

For v>m,,,, 1 <w<n,,, the following equations are valid:

r(e)—rik)
(‘pv@l//u.w)(hk,l): Z ((p1®¢vu)(a;‘[)l)
r=0
r(v)—rik) 1
= Y (e.®¥,.)@)+ (@@, Nal )
=0
r(e)--rik) -1 e Hy(ry
= Z ((pv®l[/v,w)(a}(’,)l)_ Z
=0 i= ey L= 1
riv)y—rik)—1 )
= z (¢i®¢i¢)(a/(<’,)/) (pv(.fr(r),i) '//z-,w(gi_j)
t=0
rley—rik) 1 rv)—rik)~1
= Z (¢L®WLn)(al((l)])_ Z ((pv®l//v,w)(a}<l,)/)'
=0 t=0

Therefore
(0;® '//i,j)(hk,/) = 51,k ’ 5/,1

holds for 1<ik<m,y, 1<j<n,,, 1</<n,,; ie, the functionals
0y, 1 <i<my, 1<j<n,, are linearly independent in H*. With (2.5)
it follows that these functionals form a base of H*. ||
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To derive an explicit formula of the interpolation projector

RFQG3h=Y S (0:®.)h)h;,
i=1 =1

M
ey F,®G,
s=1

we define the following operators:
P\.l:Faf—’(pl(f)f;,lespan{f:&,l}’ 1<S<M’1S~i<mw

Nrii)
Qi:Gag— i V.,(8)8.,€G ), Isismy,
j=1

ms A

R:F®Gh—Y 3 (0,00, )W hie Y F®G, 1<s<M.

i=1j=1 =1

The cardinal functions 4, ; can be derived from (2.7) and (2.6):

s - r(i)

H/ Z a(l)

Then for 2<s<M, 1<i<m, ,, and 1 <j<n,,, it holds that

h.. = h.\' B 1;’_./__'__ a[(‘s}f r(i}))

KN

=h,_ .~ Z Z (0 @Y Mhy 1 ) [k ®8hss

k=m,_+1/[/=1

and therefore

ny

Ry(h)=R,_,(h)+ Z 2 @@y )(h) by,

i=mg_1+1j=1

my—1 i) mg

N S D YD T2 010

i=1j=lk=mg_1+1{=1

X (@ @Yy ) h, _ 1;:‘.,;')fx.k &® &k

=R, (M+ i i((pf@wi,,)(h)fy,f@gu

i=mg.1+1j=1

g M5

- ¥ Yy S Y e@van

i=mg_1+1lj=1k=11=1

x(@,® kpi,j)(hs— l;k,/)fs'.i ®g.:,i

21
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(2.11)

(2.12)

(2.13)

(2.14)
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ni,

::Rx l(h)+ Z Z ‘P®'//z/) /\‘i®gl./

i=my_ |+ 1 j=

- Z Z((P,@l//,:/)(i 5

k=1 k=17=1

((pk®l10/\/)(h Ky 1k/\1®g11

=R, ,(h+ Y (P..®Q)h)

i=my_1+1

- i‘ ( \1®Q)( sfl()

i=my g+ 1

From this results

LEMMA 2.2. For every se {1,.., M},

R=R_,+ Y (P,®Q) (digs R, ).  (215)

i=my [+ 1

Now we can verify an explicit representation formula:

THEOREM 2.3.  The interpolation operator R of the interpolation problem
(2.4) has the following explicit form:

my M1 M ko— 1 ke 11
R=Y Pp®Q:+ X (=1 ¥ ¥ - z
i=1 s=1 kp=s+1 k=5 y=1
Mg ki,
<X X Pus P @@, Qi (216)
io = rtky 1 + 1 iy=mg 1+l

(By Py P,, we mean the ordinary composition of the projections P, and P,.)

Proof. By induction we verify the corresponding formula for the
operators R,, 1 <1< M. For t=1,

ny

R =) P,®Q,

=1
is valid. For 1 <t M — 1, it follows with Lemma 2.2,

ROES!
R1+1:R1+ Z (Pr+l‘i®Qf)’(IdF®G—Rz)
f=n1+ 1

iy IR

=R:+ Z Pl+].i®Qi_ z (P/+1.i®Q,)'R:

i=n+ 1 i=nm+1
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M4
—ZP,(,),®Q+ Z Pt+1:®Q
i=1 i=m+1
t—1
+ Y (18 OY Py P ®Q, 0,
y=1
M1

- Z Z Pt+l 10 r(i|),i|®Qi0. Qil

p=m+1i1=1

My

Z Z (—=1)(s, t) ZP1+11 Pk()l() ""Pk\.i,\.®Qi'Q10""

i=m+1s=1

Here we have used (s, t} 3 instead of the multiple sum
' ko—1 ky_y—1 My mg,
ko=s+1 ky =y ky=1 dg=my, 1+ 1 ig=myg 1+ 1

Because of

oy -1

- Z Z (_1 S t)zP1+ll Pl\()z() ! PI\ 1‘®Q1 Qlo

i=m+1s=1

LIRS

:Z (—l)\(S—],t)z Z P1+1.1'.Pk().in.””Pk,‘ Vi

2 i=m+ 1

®Q,—'Qi0' 'Qf\,,
' L k) - gy k)
=Y (=) Y Z Sy )
§=2 ki=s k= ke=1 l,,:m,+li1:m;‘l,1+l

mk.\

Z Pl+l,i0.Pkl‘f1'“"Pk,\,i_\»®QiQ'.”‘Qi\

iy=p 1+ 1

t+1  ko—1 -1 iy

ERITED S MR S

2 ko=s+1 k=3 ky=1 ip=myy (+1

Il
I~

5
my,

Z PkoJo' 'Pk_f,i\.® Qio' 'Qi\

is:mk‘r|+1

t—1 1 kg1 ke.o1—1 Mgy
DR Gl DYDY VD)
§=2 ko=s+1 ky=3s ky=1 fo=mypy_1+1
i

Z Pku-io. 'Pk.\,f.\-® Ql’o' .Ql}

Js=mk -1+ 1

23
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=2 (=P Y P P ®Q Qs
1
— 2 (=0 Py P ®0Q, 0,
s=1
_(17 t)z Pko.io‘ PklAi|®Qi(]‘ Qil’

the correctness of the Theorem is proven. ||

3. BIVARIATE BIRKHOFF INTERPOLATION

The bivariate Birkhoff interpolation problem (1.1) can be described by a
(modified) incidence matrix. Let

éin,riz (Ei.k)l <ismOgsks M

be a mx (M + 1)-matrix with the properties

(i) For exactly M+1 pairs (i,k)e{l,.,m}x{0,., M}, let
E = (effj/)l <jcapocien, bDe a X (N, + 1)-incidence matrices with
a;, € Na NI'.k € NOa

(1) E. =0 for all other (ik). (3.1)

To simplify our notations, we define Z by

Z:={(ik)e{l,.,m}x {0, M}|E,  #0}. (3.2)

For given real numbers x, vy, ((ik)eZ, 1<j<a;,) with
X< <X Vi < 0 < Vigeay» We consider for sufficiently differen-
tiable f: R* - R the functionals

Dt/ = Dyl (iLk)eZ, ebl=1. (3.3)
Obviously we can identify the matrix &, ,, with the Birkhoff conditions
(3.3). Therefore we will call &, ,, with the conditions (3.1) a rwo-dimen-
sional incidence matrix.

There are exactly one pe N and a surjective map g: Z - {1,.., p} with

gliy, k) =gliy, ky) ifand only if ¥, 4, = N, 4,, (3.4)
N l]rl:<"'<Ngfl: (35)

g 128
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For abbreviation we define for every se {1,.., p},
Ns = Ng’l{.y}ﬂ
M, :=card{(L k)eZ|g(i k)<s} — 1.

ExaMPLE 3.1. The matrix

[ 0010
0 1010
0100
10100
01100 0
01000
54,4:
1000
0 0100 10
0010 10
0001
10
(O) 0 0
L 1

is a two-dimensional incidence matrix with Z= {(l,
(3,2), (4, 0)} and

N,o=N,=4, M,=0,
N1.1=N3.1=N2:3’ M,=2,
N3.2:N4~0=N3=1, M3:4~

For given x, < -+ < x, and

Yoo < 0 <Vaoas
Y < <Yz
YVara <" <Viia,
Va1 <V3 22,

Ya0;1 <Va0:25

Xiv Vikyj

25

(3.6)

), (2,0), 3. 1),

&, 4 corresponds to the interpolation conditions {D%' (i, k)eZ, ef/=1}.
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DEFINITION 3.2. Let &, ,, be a two-dimensional incidence matrix.

(i) We will call a point set

{(Xh yl‘.k;,/')| (l., k) € Za OSIS a:‘.A } < R2 (37)

©

a base set of knots for &, ,, if the following conditions hold:

Xy < <xnn

yi,k;l < <x1’.k:u,vu (l,k)GZ

(i) Let K be a base set of knots for &, 4, - &, will be called con-
ditionally regular with reference to K if for every set of real numbers
{af/1(i,k)eZ, els/=1} there exists a polynomial Pe¥7/_, I, ®T]x,
(M,, N,, I <s<p, corresponding to (3.6)) with

P(/\Z/)(x’_’ yi.k;/') = af\/l

(iit) &, 4 will be called regular if &, ,, is conditionally regular with

reference to every base set of knots.

Now we will deduce sufficient conditions for regularity of two-dimensional
incidence matrices by the method used in Section 1.

THEOREM 3.3. Let &, . be a two-dimensional mx (M + 1)-incidence
matrix as well as (x,,..., x,,) € R™ a knot sequence (ie., x, < -+ <x,,). For
every s€ {1,.., p} let the (one-dimensional) incidence matrices

E.s' = (gi,k)l <ismO<k<mg with €k = 1 if‘and Only lf (l’ k) ez
and N, >N,  (3.8)

be conditionally regular with reference to (x,..., x,,). Furthermore, for every
(i, kYe Z let the a,; x (N, + 1)-incidence matrices E,, be conditionally
regular with reference to a knot sequence (Y, ;.(r.s Vik.ay) Then &,z is
regular with reference to the base set of knots

{(X,-, yi.k:[)'(i’ k)GZJ 1 <j<af.k }

Proof. We have to show that the interpolation problem

P
(€1R?), 3 TTa,®TIn; DL, k) eZ, e/ =1)

s=1
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with g=max, ., ,{M,+ N,} is uniquely solvable. According to the
assumptions, the interpolation problems

((ng(lR)a HMX;D,’\(’,:NIZ"’ZN‘)’ lésgp’
and

(¢"(R). [Ty DL, el =1),  (ik)eZ

are uniquely solvable. Because of DY/, =D ®D;, , , Theorem 3.3 follows
from Theorem 2.1. |

COROLLARY 3.4. If the incidence matrices E, of (3.8) are regular for all
| <s<p and also the incidence matrices E, ., (i,k)e Z, then &,  is regular.

ExampLE 3.5. We will investigate the incidence matrix &, 4, in Example
3.1 for regularity: The incidence matrices E, ., (i, k)€ Z, are all regular.
Also the incidence matrices

oo - o
o - -
oo oo
—_ O = o
©C - =
o - o o
oo oo

0
1
ol
0

o oo o

are regular. Therefore &, , is regular and the interpolation problem

(R, [To®T LA+ TLOIL+TLOTIT:: Dli',_l,\-,ykﬁ (i, k)e Z,

ko , ,
€ xl < < X4, )’i‘k;l < <} i,k;u,‘;\)

iy

is uniquely solvable.

4. REMARKS

(i) Let the two-dimensional M x (N + 1)-incidence matrix &,, 5 be
equal to (E ;)i <i<mo<k<n With the regular m,, x(n,, + 1)-incidence
Ei.k:(f’f‘,-[)lsjsm,,k,0s1<n,p I1<isM, 0<k<N; (N;e Ny,

M O(N4+1)=N+1), m eN, n,eNgy, and E,, =0, for k>N, If

i=1

Rig, Z R, (4.1)

holds for k| <k, < N,, 1 <i<M, then &, , is regular.
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Proof. There exist p, ny,...,n,eN, n, < - <n,, sothat n, ;e {n,...n,|
forall 1 <i<M,0<j<N,. Foriell,.,p}, we define

Z[::{(j’l)!n/[/ :’]</<M0<1<N11
m;:=card(Z;})— 1.
Because of (4.1) the interpolation problems

MR, [T DL (i D EZy Xy X, € R, x5 X foT i )

are Hermite interpolation problems and therefore uniquely solvable. With
Theorem 2.1 the unique solvability of the interpolation problem

(€1(R Z [1.®IL,: DY, 1<ISM,0<k<N, eb/=1,
Xy X €R, X, #E X MO P2 J, iy <0 < Vikimy)

(g =max, ., ,{m,+n,})is shown. |

(i1) In [13] Haussmann and Knoop have shown that the following two-
dimensional incidence matrix

EI El O 0

Ey  EyO - 0

which always has the same Hermite matrices E,= (€, /)i <s <m. 0<1<ns 1D
the first N, columns of the ith row, is regular with reference to every set of
knots

) T<isM 1<j<m,}.

From Remark (i), it follows directly that & is regular with reference to
every base set

{(xi’yi.k;/” 1 $1$M,0Sk$N,, 1 <1<m1}

(iii) The interpolation method given in Section 2 covers all those
results of multivariate interpolation deduced with Boolean methods given
in {1-3], and in [5-11]. On the other hand, there exists a simple example
solvable with this new method but that cannot be investigated by Boolean
methods: We apply the interpolation conditions

{DEze {04, 1IN, DL o<k + 1<} (4.2)
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The incidence matrix corresponding to (4.2) is the following:

2
r110000 100
110000 100 0 0 0O
110000 100
1100 10
(1100) (1) 0000
110000 100
110000 100 0 0 00
110000 100
" J

With Remark (i) the regularity of the matrix is shown and the inter-

polation space is H=IIQ[[s+[LOI:+[1.®I.+IIs®II:-
Especially the interpolation problem

(€' (R?), H; DX':z€ {0, 3, 1}\{(3,$)}, 0<k+1< 1}

is uniquely solvable.

(iv) The bivariate Birkhoff interpolation can be generalized in a
canonical way. If we assume in (3.1) (i) that for (i, k) € Z the elements E,
are n-dimensional incidence matrices (ne N), we get recursively a (n+1)-
dimensional incidence matrix.

REFERENCES

1. G. Baszenskl, F. J. DELvos, AND K. HACKENBERG, Remarks on reduced Hermite inter-
polation, in “Multivariate Approximation Theory II,” International Series of Numerical
Mathematics, Vol. 61, pp. 47-58, Birkhéuser, Basel, 1982.

2. G. Baszenskl, F. J. DeLvos, aAND H. Posporr, Boolean methods in bivariate reduced
Hermite interpolation, in “Multivariate Approximation Theory,” International Series of
Numerical Mathematics, Vol. 51, pp. 11-29, Birkhéduser, Basel, 1979.

3. G. Baszenskl, F. J. DELvos, AND H. Posporr, Representation formulas for conforming
bivariate interpolation, in “Approximation Theory III,” Proc. Conf., Univ. Texas, Austin,
Texas, 1980, pp. 193-198, Academic Press, New York, 1980.

4. P. J. Davis, “Interpolation and Approximation,” Blaisdell, New York/Toronto/London,
1963.

S. F. J. DEeLvos, On discrete trivariate blending interpolation, in “Multivariate
Approximation Theory II,” International Series of Numerical Mathematics, Vol. 61,
pp. 47-58, Birkhauser, Basel, 1982.

6. F. J. DELvos AND H. PosDORF, A representation formula for reduced Hermite inter-
polation, in “Numerische Methoden der Approximationstheorie, Bd. 4,” International
Series of Numerical Mathematics, Vol. 42, pp. 124-137, Birkhauser, Basel, 1978.



30

7.

8.

10.

F. J. HACK

F. J. DeLvos anp H. PosporF, Boolesche zweidimensionale Lagrange-Interpolation,
Computing 22 (1979), 311--323,

F. J. DeLvos anp H. PospORF, Reduced trivariate Hermite interpolation, in “The
Mathematics of Finite Elements and Applications I, Proc. Conf., Brunel Univ..
Uxbridge/U.K., 1978, pp. 77-82, Academic Press, London/New York, 1979.

. F. J. DeELvos anp H. PosporF, A Boolean method in bivariate interpolation, Rev. Anal.

Numér. Théor. Approx. 9 (1980), 35-45.
F. J. DeLvos anp H. PospDorF, Generalized Biermann interpolation, Resultate Math. §
(1982), 6-18.

. F. J. DELvos, H. PosDoRF, anp W. ScHEMPP, Serendipity-type bivariate interpolation, in

“Multivariate Approximation,” Sympos. Univ. Durham, Durham, 1977, pp. 47-56,
Academic Press, London/New York, 1978.

. W. HaussMaNN, Tensorproduktmethoden bei mehrdimensionaler Interpolation, Math. Z.

124 (1972), 191-198.

. W. HaussmanN anp H. B. KNoop, On two-dimensional interpolation, in “Fourier

Analysis and Approximation Theory,” Vol. I, Colloq. Math. Soc. Janos Bolyai, 19, North-
Holland, Amsterdam, 1978.

. G. G. LorenTz, K. JETTER, AND S. D. RIEMENSCHNEIDER, “Birkhoff Interpolation.”

London/Amsterdam/Don Mills, Ontario/Sydney/Tokyo, 1983.



